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1. INTRODUCTION
 .Let H S, J be a Hecke algebra with respect to a finite Coxeter system
 .  .W, S and a subset J of S. The algebra H S, J is a subalgebra of the
 . w xIwahori]Hecke algebra H S and in 6 , Curtis, Iwahori, and Kilmoyer
 .studied the structures of H S, J .
 .In this paper, we study more precisely the structures of H S, J , give
their structure constants, and using these results determine the character
 .tables of some H S, J . The contents are as follows.
 .In Section 2, we treat the semisimplicity of H S, J and its specialized
 .algebra. Notice that the semisimplicity of H S and its specialized algebra
w x w x have been studied by Green in 15 , and Gyoja and Uno in 16 . See also
w x w x . w xFleischmann 12 , and Yamane 22 . We generalize a result in 16 for
 .H S, J .
In Section 3, we determine explicitly the structure constants associated
 4  k .with the standard basis a , a , . . . , a ; i.e., we give a formula for p for0 1 d i j
all i, j, k, where a a s  pk a . In particular, the structure constantsi j k i j k
associated with a , the element of the standard basis corresponding to thed
longest element w g W, can be expressed by using the polynomial R0 x, y
w x  k .which was introduced in 19 . Some formulas for p have been already.i j
 .For example, a formula for the structure constants of H S is given by
w x  k .Kawanaka in 18 , and a formula for p , where a corresponds toi1 1
w xs g S y J, is given in 4 .
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In Section 4, we survey the method to determine the character table
from the structure constants, and in Section 5, using this method, we
 .determine the character table of H S, J in the following cases:
 .  .  .In cases 1 and 2 , we note that H S, J is not commutative. When
 . H S, J is commutative, the character tables are known for the classical
w x w x.  .type, see Stanton 21 and for the exceptional type see 14 . In case 3 ,
 . w xH S, J is commutative and the character table is given in 21 using the
theory of finite geometry; in this paper, we form the character table using
the structure constants associated with a .d
 .2. SEMISIMPLICITY OF H S, J
 .Let W, S be a finite Coxeter system. This means that a finite group W
has a presentation with a set of generators S and defining relations
s2 s 1 for s g S,
st ??? s ts ??? for s, t g S, s / t , .  .m mst st
 .where ab ??? denotes a product of alternating a's and b's with mm
factors, and m is the order of st in W.st
 4Let u ; s g S be indeterminates chosen so that u s u if s and t ares s t
w xconjugate in W. Let R be a polynomial ring C u ; s g S , let C be thes
complex number field, and let K be the quotient field of R. Then there
 4exists an R-algebra, for which T ; w g W is a basis, and whose multipli-w
cation is uniquely determined by
T T s T if l sw ) l w , .  .s w sw
T T s u T q u y 1 T if l sw - l w , .  .  .s w s sw s w
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 .for s g S, wA g W, where l is the length function in W, S . We call it the
 .  .Iwahori]Hecke algebra with respect to W,'S and denote it by H S . The
 .  4algebra H S has a presentation as an R-algebra with generator T ; s g Ss
and relations as
T 2 s u T q u y 1 T for s g S, .s s 1 s s
T T ??? s T T ??? for s, t g S, s / t , .  .m ms t t sst s t
where m is the order of st in W. We have a unique homomorphism ofst
 .  .  .R-algebras ind : H S ª R such that ind T s u for s g S and ind 1 s 1.s s
For J ; S, let
W _ WrW s V s W , V , . . . , V , 4 .j J 0 J 1 d
and for each double coset V we puti
b s T g H S , i s 0, 1, . . . , d. .i w
wgV i
 .  .Let H S, J be the R-subalgebra of H S defined as
H S, J s a g H S ; T a s aT s u a for all s g J . 4 .  . s s s
 4  .  w  .x.Then b ; i s 0, 1, . . . , d form a basis for H S, J over R see 6, 2.10 .i
 .Let e be an element of K m H S, J given byR
< <y1 < <y1e s W b s W T g K m H S, J , .u uJ 0 J w R
wgWJ
< <  .where X s  ind T for X ; W. Then e is the identity element ofu w g X w
 .  .   ..K m H S, J and we have K m H S, J s e K m H S e.R R R
 .Let f : R ª C be a homomorphism defined by f u s a for all s g S.s
Then C is an R-module and we obtain specialized algebras
H S s C m H S , .  .f R
H S, J s C m H S, J . .  .f R
 < < . lw .  .  .If f W s  a / 0, then H S, J s e H S e , where e suJ w g W f f f f fJ
 < < .y1  lw ..y1f W b s  a  T , the identity element ofuJ 0 w g W w g W wJ J
 .H S, J .f
 .  .Now we discuss the semisimplicity of H S, J and H S, J . Thef
 .   ..  . w xsemisimplicity of H S s H S, B and H S is studied in 16 .f
 w xTHEOREM 2.1 Gyoja and Uno 16 . Keep the notation as abo¨e. We
 .assume W, S is irreducible. Then
 .  .i K m H S is semisimple.R
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 .  .  .ii If W, S is not of type A , then H S is semisimple if and only if1 f
< < lw .  .  .a / 0 and W s  a / 0. When W, S is a type A , H S isa w g W 1 f
< <semisimple if and only if W s 1 q a / 0.a
 .  .Now we consider the semisimplicity of H S, J . If J s S, then H S, J
( R. So we assume that J / S. Then extending above results, we have the
next theorem.
 .THEOREM 2.2. Keep the notation as abo¨e. We assume W, S is irre-
ducible. Then
 .  .i K m H S, J is semisimple.R
 .  .  4  .3ii When W, S is of type A , S s s , s , . . . , s with s s s 1n 1 2 n i iq1
 4  .for i s 1, 2, . . . , n y 1, and J s s , s , . . . , s , then H S, J is semisimple2 3 n f
< <if and only if W / 0.a
 .  .  .  .iii When W, S and J are not in case ii , then H S, J is semisim-f
< <ple if and only if a / 0 and W / 0.a
Before proving this theorem, we prepare some lemmas. The next lemma
is well known.
 .LEMMA 2.3. i Let w s s s , . . . , s be a reduced expression with s g S1 2 l i
 4for i s 1, 2, . . . , l. Then the set s , s , . . . , s does not depend on the choice1 2 l
of a reduced expression of w.
 . X X Xii Let J, J ; S. E¨ery double coset W wW g W _ WrW containsJ J J J
a unique element x of minimal length. This element is characterized by the
 .  .  .  .  .  .condition that l ux s l u q l x and l x¨ s l x q l ¨ for all u g W ,J
¨ g W X . Moreo¨er, each element in W wW X has an expression ux¨ withJ J J
 .  .  .  .Xu g W , ¨ g W , and l ux¨ s l u q l x s l ¨ .J J
We denote by D X the set of minimal length elements for all doubleJ J
cosets in W _ WrW XJ J .
LEMMA 2.4. For subsets J , J , and I ; S, we put I I l J and I s1 2 1 1 2
I l J , and assume that w g W . Then it is equi¨ alent that w g D and2 I J J1 2
w g D .I I1 2
Proof. If w g D , then w g D . Conversely we assume that w gJ J I I1 2 1 2
 .  .D l W . We shall prove that l sw s l w q 1 for any s g J andI I I 11 2
 .  .  .  .l ws s l w q 1 for any s g J . If s g I , then l sw s l w q 1. So we2 1
assume s g J y I . Let w s t t ??? t be a reduced expression of w with1 1 1 2 l
 4t g S for i s 1, 2, . . . , l. Since w g W , we have t , t , . . . , t ; I. Ifi I 1 2 l
 .  . Ãl sw s l w y 1, then there exists i such that st t ??? t s t t ??? t ??? t ,1 2 l 1 2 i l
and we have reduced expressions t t ??? t s st t ??? t such that1 2 i 1 2 iy1
 4  4  .t , t , . . . , t / s, t , . . . , t , which contradicts 2.3i . So we obtain1 2 i 1 iy1
 .  .  .  .l sw s l w q 1 for s g J . Similarly, we have l ws s l w q 1 for1
s g J , which completes the proof of the lemma.2
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 .  .  .Proof of Theorem 2.2. i By 2.1 , K m H S is semisimple and Jacob-R
  ..son radical rad K m H S s 0. So we haveR
rad K m H S, J s rad e K m H S e .  . .  . .R R
s e rad K m H S e . .R
s 0.
 .Therefore, K m H S, J is semisimple.R
 .  .  4  .3ii Let W, S be of type A , S s s , s , . . . , s , s s s 1 forn 1 2 n i iq1
 4i s 1, 2, . . . , d, and J s s , s , . . . , s . Then we have2 3 n
 4D s 1, s ,J J 1
 4D s 1, s , s s , . . . , s s , . . . , s ,B J 1 2 1 n ny1 1
and
b s T ,0 w
wgWJ
b s T s T q T q ??? qT b . .1 w s s s s . . . s 01 2 1 n 1
wgW s WJ 1 J
< < 2 < <   . .2If W s 0, then b s W b s 0 and we obtain H S, J s 0. In thisa aJ 0 J 0 f
 . < <case H S, J is not semisimple. So we assume that W / 0 and we putaf J
< <y1  .a s W b , i s 0, 1. It is clear that H S, J is commutative and a isai J i f 0
 .  .  .the identity of H S, J . So, H S, J is semisimple if and only if H S, Jf f f
has two irreducible characters, c , . . . , c , of degree 1. Because1 2
< <y1a s W b s T q T q ??? qT a .a1 J 1 s s s s . . . s 01 2 1 n 1
s 1 q a q ??? qa ny1 a T a , . 0 s 01
we have
a2 s 1 q a q ??? qa ny1 a T T q ??? qT a .  .1 0 s s qT s s s . . . s 01 1 2 1 n 1
s a q a 2 q ??? qa n a T a . 0 1 0
q 1 q a q ??? qa ny1 y1 q a q ??? qa n a T a .  . 0 s 01
s a q a 2 q ??? qa n a q y1 q a q a 2 q ??? qa n a . .  .0 1
Hence c must satisfyi
c a q 1 c a y a q a 2 q ??? qa n s 0. .  .  . .  .i 1 i 1
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 . 2 nTherefore H S, J is semisimple if and only if a q a q ??? qa / y1,f
< < < <  n. < <  .when W / 0. Since W s 1 q a q ??? qa W , H S, J isa aJ J f
< <semisimple if and only if W / 0.a
 .  . < <  .  .iii if We assume that a / 0 and W / 0. By 2.1 , H S isa f
  ..semisimple and Jacobson radical rad H S s 0. So we have
rad H S, J s rad e H S e .  . .  . .f ff f
s e rad H S e . .ff f
s 0.
 .Therefore H S, J is semisimple.f
 . < < 2 < <   . .2only if If W s 0, then we have b s W b s 0 and H S, J sa aJ 0 J 0 f
 . < <0. In this case H S, J is not semisimple. So we assume that W / 0af J
< <  . < <y1 dand W s 0. Then H S, J has the identity W b . Let E s  b sa af J 0 is0 i
 . T g H S, J . Thenw g W w f
b E s ind b E, i s 0, 1, . . . , d , .i i
 :  .  .and E , the subspace spanned by E, is an ideal of H S, J . If H S, J isf f
 :semisimple, then the primitive idempotent in E is cE for some c g C.
Then we obtain the equality
2 2 2 2 < <cE s cE s c E s c W E s 0, . a
which is a contradiction.
 .We consider the remaining case, a s 0. We may assume that l ¨ Fi
 .  4l ¨ , if i - j, where ¨ s V j D , i s 0, 1, . . . , d. Supposej i i J J
d
k kb b s p b , p g C, i , j s 0, 1, . . . , d ,i j i j k i j
ks0
 k .and B s p . Then each B is an upper triangular matrix, sincei i j  j,k . i
T if l sw ) l w , .  .swT T s 1 .s w  yT if l sw - l w . .  .w
 .Therefore every irreducible representation of H S, J is of degree one,f
which corresponds to the diagonal element of B 's. If there exists b suchi i
that p j s 0 for all j, then b is contained in the Jacobson radical ofi j i
 .  .H S, J and H S, J is not semisimple. So it is sufficient to show thef f
existence of index i such that p j s 0 for all j.i j
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CLAIM 2.5. Let ¨ s s s ??? s be a reduced expression of ¨ g D . Ifi 1 2 l i J J
 4 js ,s , . . . , s l J / B, then p s 0 for all j.1 2 l i j
Proof. Let ¨ s s s ??? s be a reduced expression. We assume thati 1 2 l
 .s g J, for some m 1 F m F l . Sincem
T b s a b s 0 for s g J ,s 0 0 2 .T b s d b for w g W ,w 0 w ,1 0 J
 .and b is the identity of H S, J , we have0 f
b s b T s T b i 0 w w 0 /  /
wgV lD wgV lDi J B i B J
s b T b s b s b T b , 3 .0 w 0 0 0 ¨ 0i /
wgV lDi B J
and obtain
b b s b T T bi j 0 ¨ w 0i /
wgV lDj B J
s b T T b q b T T b , j s 0, 1, . . . , d. 4 .0 ¨ ¨ 0 0 ¨ w 0i j i 5
wgV lDj B J
 .  .l w )l ¨ j
j  .  .  .  .If p / 0 for some j 0 F j F d , then by Eqs. 2 , 3 , and 4 , there existsi j
 .w g V l D such that T T s T . By Eq. 1 , such w must equal ¨ .B J ¨ w ¨ ji j
Therefore, p j / 0 if and only if T T s T . If T T s T , then by Eq.i j ¨ ¨ ¨ ¨ ¨ ¨i j j i j j
 .1 , we have T T s T for all k, which contradicts to T T s T . Sos ¨ ¨ s ¨ s ¨k j j m j m jjwe obtain T T / T and p s 0 for all j, which proves the claim.¨ ¨ ¨ i ji j j
 .Hence it follows that b is contained in the Jacobson radical of H S, J ,i f
if ¨ has an element of J in its reduced expression. So it is sufficient toi
 .show the existence of such ¨ g D , if W, S and J satisfy the condition ofJ J
 .2.2iii .
Case 1.
 4Assume there exists r,s, t ; S such that rs / sr, st / ts, s f J, and t g J.
 .By 2.4 , we have ¨ s srts g D .J J
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Case 2.
 4Assume there exists s , s , . . . , s ; S such that s s / s s for i s1 2 l i iq1 iq1 i
1, 2, . . . , l y 1, s , s f J, and s g J for i s 2, 3, . . . , l y 1. Then we have1 l i
¨ s s s ??? s g D .1 2 l J J
Case 3.
 4Assume there exists s , s , . . . , s ; S such that s s / s s for i s1 2 l i iq1 iq1 i
 .31, 2, . . . , l y 1, s f J, s g J for i s 2, 3, . . . , l, and s s / 1. Then we1 i ly1 l
have ¨ s s s ??? s s s ??? s g D .1 2 ly1 l ly1 1 J J
Case 4.
 .  .We can show without difficulty that if W, S and J of 2.2iii do not satisfy
 4the conditions of Cases 1, 2, and 3, then there exists s , s , . . . , s ; S1 2 l
such that s s / s s for i s 1, 2, . . . , l y 2, s s / s s f J, andi iq1 iq1 i ly2 l l ly2
s g J for i s 2, 3, . . . , l. Then we have ¨ s s s ??? s s s ??? s g D .i 1 2 ly1 l ly2 1 J J
Therefore we have proved the existence of ¨ g D which has anJ J
 .element of J in its reduced expression. Hence H S, J is not semisimplef
when a s 0. This completes the proof of the theorem.
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 .3. STRUCTURE CONSTANTS OF H S, J
 .Now we consider the structure constants of K m H S, J . For a finite
 .Coxeter system W, S and J ; S, we put
W _ WrW s V s W , V , . . . , V s W w W , 4 .  .J J 0 J 1 d J 0 J
G s V l D , i s 0, 1, . . . , d ,i i B J
 4¨ s V l D , i s 0, 1, . . . , d ,i i J J
w xwhere w is the element of maximal length. Let R s C u ; s g S and K0 s
be a quotient field of R. We put
< <y1a s W T g K m H S, J , i s 0, 1, . . . , d , .ui J w
wgV i
e s a s the identity of K m H S, J . . .0
 4  .Note that a ; i s 0, 1, . . . , d form a basis for K m H S, J and we call iti
 .the standard basis for K m H S, J .
 .  .  . y1Let l : H S ª H S be a linear map defined by l T s T forw w
 .w g W. Then l is an involutive anti-automorphism of H S and also
 .induces an anti-automorphism of H S, J . In fact if we put
V X s Vy1 s w g W ; wy1 g V , i s 0, 1, . . . , d, 4i i i
then we have
a X s l a , i s 0, 1, . . . , d. .i i
 .LEMMA 3.1. i For ¨ g V ,i
y1 < <a s T e s e T s ind T G eT e, i s 0, 1, . . . , d. .  ui w w ¨ i ¨ /  /
y1wgG XwgGi i
 . Xii For ¨ g V and ¨ g V ,i j
y1 y1 < < < <X Xa a s ind T ind T G G eT eT e .  . u ui j ¨ ¨ i j ¨ ¨
y1 < <s ind T G eT T e, i , j s 0, 1, . . . , d. . u¨ i ¨ w /
wgGj
This lemma can be proved easily by the definition of a , so we omit thei
proof.
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Define pk g K byi j
d
ka a s p a , i , j s 0, 1, . . . , d.i j i j k
ks0
Then we have
 . k kXX XPROPOSITION 3.2. i p s p , i, j, k s 0, 1, . . . , d.i j j i
 . 0 < < Xii p s G d , i, j s 0, 1, . . . , d.ui j i i, j
 . < < k < < jX < < iXX Xiii G p s G p s G P , i, j s 0, 1, . . . , d.u u uk i j j k i i jk








Xs p a , i , j s 0, 1, . . . , d , i j k
ks0
 .which proves i .
 . Xii For w, w g W, we have
T T X s ind T d y1 XT q ??? . .w w w w , w 1
So it is clear that pk s 0, if i / jX. If i s jX, theni j
< <y2 Xa a s W T Tui j J w w
X
XwgV w gVi i
< <y2 < <s W V T q ???u uJ i 1
< <y1 < <s W G T q ???u uJ i 1
< <s G a q ??? .ui 0
0 < <XSo we obtain p s G , i s 0, 1, . . . , d.uii
 .  .  .X Xiii Comparing the coefficients of a in a a a s a a a and0 k i j k i j
 .  .  .X Xa a a s a a a , we can prove iii .i j k i j k
J  . . J .Now we introduce the notation D u ¨ , w, x and F ¨ , w, x for
  . .  .¨ g W and w, x g D , which are analogue of D u ¨ , w, x and F ¨ , w, xB J
w x  w x.in 18 see also 10 .
 .  .DEFINITION 3.3. i Let ¨ g W , w, x g D , and u ¨ sB J
 .s , s , . . . , s a reduced decomposition of ¨ . We denote byl ly1 0
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J  . .  .D u ¨ , w, x the set of all integer sequences I s i , i , . . . , i satisfy-k ky1 1
ing the following conditions:
 .  .a l w s l G i ) i ) ??? ) i s 0.k ky1 0
 .b s s ??? s w s x, where we put s s s s 1.i i i i 0k ky1 0 0
 .c If s s s ??? s w g D for 0 F h F k, and i - p - i ,p i i i B J h hq1h hy1 0
then
l s s s ??? s w - l s s ??? s w , .  .p i i i i i ih hy1 0 h hy1 0
where we put i s l q 1.kq1
 . J  . .  ii For each I g D u ¨ , w, x , we put I s i g I; l s s ???1 k i ik ky1
.  .4 s w - l s s ??? s w , I s 1 F p F l; p f I and s s s ??? s wi i i i 2 p i i i0 ky1 ky2 0 h hy1 0
4  4  .f D , if i ) p ) i , and I s 1, 2, . . . , l y I l I . We define theB J hq1 h 3 2
 .following polynomial in u bys sg S
F J u ¨ , w , x s u ? u y 1 . . .  .  s s 5i i
igI jI igIJ 1 2 3  . .IgD u ¨ ,w , x
Then we have
J  . .PROPOSITION 3.4. The polynomial F u ¨ , w, x does not depend on the
 .choice of a reduced decomposition u ¨ of ¨ . In fact we ha¨e
T T e s F J u ¨ , w , x T e, ¨ , w g D . . .¨ w x B J
xgDB J
J . J  . .We simply write F ¨ , w, x instead of F u ¨ , w, x .
 .Proof. We prove this proposition using the induction on the length l ¨
 .  .of ¨ . It is clearly true when ¨ s 1. Let u ¨ s s , s , . . . , s be al ly1 1
 .  .reduced decomposition of ¨ / 1. Then l s ¨ - l ¨ and by the inductivel
assumption,
T T e s F j s ¨ , w , x T e. .s ¨ w l xl
xgDB J
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So we have
T T e s T T T e¨ w s s ¨ wl l
s F J s ¨ , w , x T T e . l s xl
xgDB J
s F J s ¨ , w , x T e . l s xl
xgD lLB J sl
q F J s ¨ , w , x u T q u y 1 T e .  . . l s s x s xl l l
xgD ls LB J l sl
s F J s ¨ , w , x T e q F J s ¨ , w , x u T e .  . l s x l s xl l
xgD lL xgD lLB J s B J sl l
s xgD s xfDl B J l B J
q F J s ¨ , w , x u T e . l s s xl l
xgD ls LB J l sl
q F J s ¨ , w , x u y 1 T e .  . l s xl
xgD ls LB J l sl
s F J s ¨ , w , s x q u y 1 F J s ¨ , w , x T e .  . .  .l l s l xl
xgD ls LB J l sl
q u F J s ¨ , w , x T e q u F J s ¨ , w , s x T e. .  . s l x s l l xl l
xgD lL xgD lLB J s B J sl l
s xfD s xgDl B J l B J
Hence it is sufficient to prove
CLAIM 3.5.
F J ¨ , w , x .
¡ J JF s ¨ , w , s x q u y 1 F s ¨ , w , x .  . .l l s ll
if x g D l s L ,B J l sl
Ju F s ¨ , w , x , .s ll~s
if x g D l L , s x f D ,B J s l B Jl
Ju F s ¨ , w , s x , .s l ll¢ if x g D l L , s x g D .B J s l B Jl
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But these are obtained immediately by
D J u ¨ , w , x . .
¡ JJs l , i , i , . . . , i ; i , i , . . . , i g D u s ¨ , w , s x .  .  . 4 .k ky1 0 k ky1 0 l l
JjD u s ¨ , w , x , if x g D l s L , . .l B J l sl
J~ D u s ¨ , w , x , if x g D l L , s x f D , .s  .l B J s l B Jl
J s l , i , i , . . . , i ; i , i , . . . , i  .  .k ky1 0 k ky1 0
J¢ g D u s ¨ , w , s x , if x g D l L , s x g D , . 4 .l l B J s l B Jl
 .  .where u s ¨ s s , s , . . . , s . This completes the proof of the propo-l ly1 ly2 1
sition.
 . B .  w x.Remark 3.6. We put F ¨ , w, x s F ¨ , w, x for ¨ , w, x g W cf. 18 .
It is easily checked that
F J ¨ , w , x s ind T F ¨ , w , xy for ¨ , w , x g D . .  . . y B J
ygWJ
Now we obtain
THEOREM 3.7. For the element ¨ g V , we ha¨ei
y1 y1k < < < <p s ind T G G . u ui j ¨ i k
= ind T F J ¨ , w , x j, k ,s0, 1, . . . , d. .  . x
wgG , xgGj k
 .  .Proof. By 3.1 and 3.4 , we have
y1 < <a a s ind T G e T T e . ui j ¨ i ¨ w /
wgGj
y1 J< <s ind T G e F ¨ , w , x T e .  .u¨ i x /
wgG , xgDj B J
d
y1 J< <s ind T G F ¨ , w , x eT e .  . u¨ i x /
ks0 wgG , xgGj k
d
y1 y1 J< < < <s ind T G G ind T F ¨ , w , x a . .  .  . u u¨ i k x k /
ks0 wgG , xgGj k
Hence the theorem is proved.
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COROLLARY 3.8. Let s g S y J and we assume s g V , theni
k < <y1 < < < < y1 < <p s G G G l sV l L q u G l sV l sLu u u ui j k i j k s s j k s
y1 < <qd 1 y u G l sV , j, k s 0, 1, . . . , d.4 . uj ,k s j k
 w x.The proof is immediate from the preceding theorem see also 4 .
We consider especially the structure constant pk , where V 2 w , thed j d 0
element of maximal length. Before giving the theorem for pk , we preparei j
 .a lemma concerning with the multiplication by T in K m H S .w 0
J w y1 xLEMMA 3.9. We define the element R g Z u , u ; s g S for x, y gx, y s s
D byB J
T T e s ind T J R J T e, .w y x w x , y xÄ0 0
xgDB J
where x s w xw J g D l w xW and w J is the maximal length element inÄ 0 0 B J 0 J 0
W . ThenJ
R J s d d is the Kronecker d .x ,1 x ,1
 .  .and for s g S such that l sy - l y ,
¡ JR if l sx - l x .  .s x , s y
J JJ ~u R q u y 1 R if l sx ) l x , sx g D .  .  .R s s s x , s y s x , s y B Jx , y
J¢u R if l sx ) l x , sx f D . .  .s x , s y B J
J w xNote. By the recurrence formula above, we have R g Z u ; s g S .x, y s
And if we put u s q for all s g S and J s B, then RB is equal to Rs x, y x, y
w x  w x.defined in 19 see also 10 . It can be easily checked that
R J s R for x , y g D .x , y x z , y B J
zgWJ
 .Proof of the proposition. By 3.4 ,
ind T J R J s F J w , y , x s ind T J F J yw 0 , w w J , x , .Ä Ä .  .  .x w x , y 0 w 0 00 0
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¨ y1  .  .where u s ¨ u¨ for u, ¨ g W. We fix s g S such that l sy - l y and
X w 0  .put s s s . Because of 3.5 ,
ind T R J s F J yw 0 , w w J , x . Ä .x x , y 0 0
w X0J J¡F sy , w w , s x q u y 1 .  .Ä .0 0 s
w X X0J J
X=F sy , w w , x if x g s L . Ä .0 0 s~s w X X0J J
Xu F sy , w w , x if x g L , s x f D . Ä .s 0 0 s B J
w X X X0J J¢ Xu F sy , w w , s x if x g L , s x g D , . Ä .s 0 0 x B J
Hence, we obtain
ind T R J .x x , y
¡ Jind T R .s x s x , s y
Jq u y 1 ind T R if l sx ) l x , sx g D .  .  .  .s x x , s y B J~s Ju ind T R if l sx ) l x , sx f D .  .  .s x x , s y B J
J¢u ind T R if l sx - l x . .  .  .s s x s x , s y
Therefore, the proposition is proved.
THEOREM 3.10. Keep the notation as abo¨e.
 .i We ha¨e
k < <y1 < < Jp s G G R , j, k s 0, 1, . . . , d.u ud j k d x ,¨
¨gG , xgD ,j B J
w xgV0 k
 . w 0ii If J s J, then
y1k Jp s ind T ind T R , j, k s 0, 1, . . . , d. .  . d j ¨ ¨ x , ¨d k k
xgD ,w xgVB J 0 j
Note. If w is central in W, then it is clear that J w 0 s J. The element0
 .  .w is central except in the following cases: A n G 2 , D m G 2 ,0 n 2 mq1
 .  .   ..  w x.E , and I 2m q 1 m G 2 dihedral group of order 2 2m q 1 cf. 2 .6 2
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 .  .Proof of the theorem. i It is clear by 3.7 .
 . w 0 w 0ii We assume J s J. Then we have W s W ,J J
V s W w W s W w s w W ,d J 0 J J 0 0 J
 4G s V l D s V l D s ¨ ,d d B J d J J d
and
y1
y1a s eT s e s eT e s ind T eT e. .d ¨ ¨ ¨ w ¨ wd d d 0 d 0
 .  .Therefore by 3.1 and 3.9 ,
y1y1
< <y1a a s ind T ind T G eT T e .  . ud j w ¨ ¨ j w ¨0 d j 0 j
y1y1 J< <y1 Js ind T ind T G e ind T R T e .  . . uw ¨ ¨ j x w x ,¨ xÄ0 d j 0 j
xgDB J
d
y1 y1 J< <s ind T ind T G ind T R eT e . .  . u¨ ¨ j x x ,¨ xÄ Äd j j
ks0 xgD , xgVÄB J k
d
y1 y1 J< < < <s ind T ind T G G R a . .  . u u¨ ¨ k j x ,¨ kd j j
ks0 xgD ,w xgVB J 0 k
 . k < <y1 < < jX < <y1 < < jXBecause of 3.2 , p s G G P s G G p ; hence,u u u ud j k j k d k j dk
y1j Jp s ind T ind T R . .  . dk ¨ ¨ x ,¨d j j
xgD ,w xgVB J 0 k
This completes the proof.
4. REPRESENTATION AND THE STRUCTURE CONSTANT
Let L be a field of characteristic zero, and let A be a split semisimple
 4L-algebra with a basis a , a , . . . , a . Suppose0 1 d
d
k ka a s p a , p g L, i , j s 0, 1, . . . , d,i j i j k i j
ks0
 k .and we put B s P , i s 0, 1, . . . , d. Then we havei i j  j,k .
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 .PROPOSITION 4.1. i A nonzero linear map c : A ª L is a representa-
tion of A if and only if c satisfies
d
kc a c a s p c a , for all i , j s 0, 1, . . . , d. .  .  .i j i j k
ks0
t  .  .  ..It is equi¨ alent to the condition that c a , c a , . . . , c a is a common0 1 d
 .right eigen¨ector of B with eigen¨alue c a , i s 0, 1, . . . , d.i i
 .  .ii Let c : A ª M L be a representation of A, and c : A ª L ben lm
a linear map defined by
c a s c a , for a g A , l ,m s 1, 2, . . . , n , .  . . .l ,mlm
 .We assume that c a is a diagonal matrix. Then c , l, m s 1, 2, . . . , n,i lm
satisfies
d
kc a c a s p c a , for all i , j s 0, 1, . . . , d, .  .  .l l i lm j i j lm k
ks0
t  .  .  ..which is equi¨ alent to the condition that c a , c a , . . . , c a is alm 0 lm 1 lm d
 .common right eigen¨ector of B with eigen¨alue c a , i s 0, 1, . . . , d.i l l i
 .The proof is clear from the comparison of the l, m -entries of
 .  .  .c a c a s c a a , i, j s 0, 1, . . . , d.i j i j
The next proposition is due to Kilmoyer.
PROPOSITION 4.2. Let A be a split semisimple L-algebra, where L is a field
of characteristic zero. Let b : A = A ª L be a nondegenerate symmetric
 4  4associati¨ e bilinear form, and let a , a , . . . , a and b , b , . . . , b be dual0 1 d 0 1 d
bases of A with respect to b. Then the following statements hold:
 .  4i Let c ; i s 1, 2, . . . , m be the basic set of irreducible characters ofi
d  .A. For each irreducible character c , let g s  c b a , i s 1, 2, . . . , m.i i js0 i j j
 4Then the elements g ; i s 1, 2, . . . , m are defined independently of thei
choice of dual bases with respect to b.
 .  .ii We ha¨e c g / 0 and the central primiti¨ e idempotent e corre-i i i
 .  .y1sponding to c is gi¨ en by e s c 1 c g g , i s 1, 2, . . . , m.i i i i i i
w  .xFor a proof see 7, 9.17 .
 .We apply this proposition to L m H S, J , where L is the algebraic
 .  w  .xclosure of K. We note that L m H S, J is split semisimple see 6, 2.1
w  .x  .  .and 8, 68.12 . Let b : L m H S, J = L m H S, J ª L be a bilinear
 .  .  .form defined by b a, b s m ab for a, b g L m H S, J , where m is the
 d .  .linear map such that m  a a s a . By 3.2 , it is easily checked thatis0 i i 0
b is a nondegenerate symmetric associative bilinear form, and
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 4  < <y1 4 Xa ; 0, 1, . . . , d and G a ; i s 0, 1, . . . , d are dual bases. Let c ; i sui i i i
4  .1, 2, . . . , m be the basic set of irreducible characters of L m H S, J and
 .let e be a central primitive idempotent corresponding to c . Then by 4.2 ,i i
we have
 .COROLLARY 4.3. i The central primiti¨ e idempotents are gi¨ en by
d




y1< < < < Xd s D c e G c a c a , .  .  .u ui B J i j i j i j 5
js0
which is called the generic degree of c .i
 .ii The identity element is gi¨ en by
m d m
y1 y1< < < < Xa s e s e s D G d c a a . .  u u0 i B J j i i j j 5
is1 js0 is1
 .iii We obtain
m
< < < <Xd c a s d D G , j s 0, 1, . . . , d. . u ui i j j ,0 B J j
is1
 .5. CHARACTER TABLE OF H S, J
In this section we calculate pk 's, the structure constants associated withd j
 .  .  .a by 3.10 , and then we determine the character table of H S, J by 4.1d
 .  .and 4.3 . When H S, J is commutative, the character table is determined
 w x.already cf. 21, 14 . The next proposition is a criterion of commutativity of
 . w  .xH S, J given in 6, 3.1 .
 .PROPOSITION 5.1. Keep the notation as abo¨e. H S, J is commutati¨ e if
and only if e¨ery element of D is in¨oluti¨ e.J J
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We consider the following cases:
 . k w xIn case 1 , the structure constants p 's are determined in 4 ; in case1 j
 . w x3 , the character table is determined in 21 . We also note that the
character table of F rA = A has been determined by Marcelo and4 1 2
w x  .  .Shinoda in 20 , by using 4.1 and 4.3 .
Case 1.
 .  4Let W, S be a finite Coxeter system of type E and S s s , s , . . . , s6 1 2 6
such that
 4  4  4  4  4  43 if i , j s 1, 3 , 2, 4 , 3, 4 , 4, 5 , 5,6 ,
m si j  2 otherwise,
where m is the order of s s in W. Since the elements of S are conjugatei j i j
w xone another, we put u s u for all s g S and R s C u . Let J ss
 4  4s , s , s , s , s . Then the elements of D s ¨ ; i s 0, 1, . . . , 9 are1 2 3 4 6 J J i
¨ s 1 s the identity , .0
¨ s s ,1 5
¨ s s 5645 s s s s s , .2 5 6 4 5
¨ s s 543245 , .3
¨ s s 5643245 , .4
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¨ s s 56431543245 , .5
¨ s s 54324135645 , .6
¨ s s 5643245643245 , .7
¨ s s 56432415643245 , .8
¨ s s 5643241354324135645 . .9
We note that
¨y1 s ¨5 6
y1¨ s ¨ if i / 5, 6.i i
 .  .  .By 5.1 , H S, J is not commutative. In W E , the maximal length6
 k .   ..element w is not central, so we calculate B s p using 3.10 i . The0 9 9 j
k  .explicit value of p is given in Table I see Appendix . The eigenvalues of9 j
B are9
u19f f , yu14f 2f , yu9f 2 , u9f , u8f , yu7 of multiplicity 1, 44 5 2 4 2 4 2
12 23 2 2t g L; t y u f t y u f f s 0 of multiplicity 2. 42 3 2 4
 .where f is the nth cyclotomic polynomial in u. By 4.1 , each eigenvaluen
of B with multiplicity 1 must correspond to an irreducible character c of9
 .degree 1 such that the eigenvalue is equal c a . Moreover, we already9
 .  .know that H S, J is not commutative, so H S, J has six irreducible
characters c , c , . . . , c of degree 1 and one irreducible character c of0 1 5 6
degree 2. Each irreducible character of degree 1 can be determined by the
 .  .method of 4.1 . The remaining character c can be calculated by 4.3 .6
  ..The character table T s c a is given in Table II in the Appendix.i j
Case 2.
 .  4Let W, S be a finite Coxeter system of type E and S s s , s , . . . , s7 1 2 7
such that
 4  4  4  4  4  4  43 if i , j s 1, 3 , 2, 4 , 3, 4 , 4, 5 , 5, 6 , 6, 7 ,
m si j  2 otherwise,
where m is the order of s s in W. Since the elements of S are conjugatesi j i j
w xof one another, we put u s u for all s g S and R s C u . Let J ss
YASUMI GOMI534
 4  4s , s , s , s , s , s . Then the elements of D s ¨ ; i s 0, 1, . . . , 12 are1 2 3 4 5 7 J J i
¨ s 1 s the identity. , .0
¨ s s ,1 6
¨ s s 6756 s s s s s , .2 6 7 5 6
¨ s s 65432456 , .3
¨ s s 675432456 , .4
¨ s s 67543165432456 , .5
¨ s s 65432451346756 , .6
¨ s s 67543245675432456 , .7
¨ s s 675432451675432456 , .8
¨ s s 6543245134267543165432456 , .9
¨ s s 67543241365432451346756 , .10
¨ s s 675432451342675432451675432456 , .11
¨ s s 675432451342575432451342675432451675432456 . .12
We note that
¨y1 s ¨5 6
y1¨ s ¨ if i / 5, 6.i i
 .  .  .By 5.1 , H S, J is not commutative. In W E , the maximal length7
 k .   ..element w is central, so we can calculate B s p using 3.10 ii . The0 12 12 j
 .result is given in Table III see the Appendix . The eigenvalues of B are12
 42 33 27 24 24 21 21 19 184u , yu , yu , u , yu , u , yu , yu , u of multiplicity 1,
28 4u of multiplicity 4.
 .By 4.1 , each eigenvalue of B with multiplicity 1 must correspond to an12
irreducible character c of degree 1 such that the eigenvalue is equal
 .  .c a . Moreover, we already know that H S, J is not commutative, so12
 .H S, J has nine irreducible characters c , c , . . . , c of degree 1 and one0 1 8
irreducible character c of degree 2. Each irreducible character of degree9
 .1 can be determined by the method of 4.1 . The remaining character c9
 .   ..can be calculated by 4.3 . The character table T s c a is given ini j
 .Table IV Appendix .
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Case 3.
 .  4Let W, S be a finite Coxeter system of type B and S s s , s , . . . , sn 1 2 n
such that
 4  4¡4 if i , j s n y 1, n ,~m s  4  4  4  43 if i , j s 1, 2 , 2, 3 , . . . , n y 1, n ,i j ¢
2 otherwise,
 .where m is the order of s s in W. Since s and s 1 F i, j F n y 1 arei j i j i j
 .conjugate, while s 1 F i F n y 1 and s are not conjugate, we puti n
X w X xu s u, i s 1, 2, . . . , n y 1, u s u , and R s C u, u . Let J ss si n
 4  4s , s , . . . , s . Then the elements of D s ¨ ; i s 0, 1, . . . , n are1 2 ny1 J J i
¨ s 1 s the identity , .0
¨ s s s ??? s ¨ , i s 1, 2, . . . , n.i n ny1 nyiq1 iy1
y1  .We note that ¨ s ¨ for all i s 0, 1, . . . , n, and H S, J is commutativei i
 .  .by 5.1 . In W B , the maximal length element w is central, so we cann 0
n.  n.k .   ..calculate B s p using 3.10 ii .n n j
PROPOSITION 5.2. Keep the notation as abo¨e.
 . n.ki The structure constants p are gi¨ en byn j
n .2 X nn.0p s d u u ,n j n , j
pn.k s u jyny1uXy1 u2 pn.ky1 q u uX y 1 pn.ky1 .n j n jq1 n j
q uny jq1 y 1 uX pn.ky1 , . 4n jy1
n G 1, j s 0, 1, . . . , n , k s 1, 2, . . . , n.
 . n.kii The structure constants p satisfyn j
pn.k s uny1uX pny1.k , n G 2, j s 1, 2, . . . , n , k s 0, 1, . . . , n y 1.n j ny1 jy1
 .   ..By 3.9 and 3.10 ii , we can prove this proposition straightforwardly.
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PROPOSITION 5.3. For n, m, j g Z , we define the polynomialG 0
 . w X xK n, m, j g Z u, u , which is an analogue of the Krawtchouk polynomial,u
as
t jy tqn y m  .  .t 2 2m X jytK n , m , j s y1 u u , .  .u j y tt u utG0
where
¡ m . t
, t G 1
m t .~ ts
t u 1, t s 0¢
0, t F y1,
m s 1 y um 1 y umy 1 ??? 1 y umy tq1 , t G 1. .  .  .  .t
Then we ha¨e
K n , m , j s K n y 1, m y 1, j y umy 1K n y 1, m y 1, j y 1 .  .  .u u u
s K n y 1, m , j q umy 1K n y 1, m y 1, j y 1 . .  .u u
Proof. We note that
n y 1n n y 1 nyms q um m m y 1u u
n y 1 n y 1ms q u .mm y 1 uu
Then we can prove the proposition immediately.
 .THEOREM 5.4. Let c : H S, J ª R be a linear map defined bym
c a s K n , m , j , j, m s 0, 1, . . . , n. .  . um j
 4  .Then c ; m s 0, 1, . . . , n is the basic set of irreducible characters of H S, J .m
m nym X nymm q .  .2 2 .  .Proof. We note that c a s y1 u u , m s 0, 1, . . . , nm n
t  .  .  .are all distinct. So it is enough to check that c a s 1 , c a ,m 0 m 1
 .. n.  n.k .  .. . . ,c a is the eigenvalue of B s p . When m s 0, c a sm n n n j 0 j
j X j .n 2  .  .u u s ind a , so c is the character of H S, J . So we mayj j 0u
assume m G 1. Now we need the following lemma.
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LEMMA 5.5. For n G 2, m G 2, we ha¨e
K n , m , j . u
s u jK n y 1, m y 1, j q u j uX y 1 y unymuX .  . .u
=K n y 1, m y 1, j y 2 .
q uny1 y u jy2 uXK n y 1, m y 1, j y 2 . .  . u
Proof. We use induction on m. When m s 1,
jy 1 jy1ny1 ny1X j X X X jy1. .j  jy1 ny1 2 2RHS s u u u q u u y1 yu u u u 4 .j jy1
u u
jy 2n y 1X X jy2.ny1 jy2  2q u y u u u u . j y 2
u
jn y 1 n y 1 n y 1 X j.j nyj  2s u q y u u u 5j j y 1 j y 1
u u u
jn y 1 n y 1 n y 1 X jy1.jy1 nyjy1  2y u q y u u u 5j y 1 j y 2 j y 2
u u u
j jy1n y 1 n y 1X j X jy1. . 2 2s u u y u uj j y 1
u u
s K n , 1, j . .
Therefore the lemma is proved if m s 1, so we assume that m G 2:
RHS s u j K n y 2, m y 2, j y umy 2K n y 2, m y 2, j y 1 .  . .u u
q u jy1 uX y 1 y unymuX . .
= K ny2, my2, jy2 yumy 2K ny2, my2, jy2 .  . .u u
q uny1 y u jy2 uX .
= K ny2, my2, jy2 yumy 2K ny2, my2, jy3 .  . .u u
s K n y 1, m y 1, j y umy 1k n y 1, m y 1, j y 1 .  .u u
s K n , m , j . .
Hence the lemma is proved.
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Now we go back to the proof of the theorem. We use induction on n. If
n s 1, the theorem is clear. We assume n G 2:
n
n.kp K n , m , k . un j
ks0
n
Xny1 ny1.ks u u p K n y 1, m y 1, k . uny1 jy1
ks0
yumy 1K n y 1, m y 1, k y 1 . .u
my 1 nymmy 1X Xny1 q2 2 /  /s u u y1 u u K n y 1, m y 1, k y 1 .  . u
n
X Xy1ny1 jyny1yu u u u
ks0
= u2 pny1.ky1 q u uX y 1 pny1.ky1 . ny1 jy1 ny1 jy1
q uny jq1 y 1 uX pny1.ky1 . 4ny1 jy2
= umy 1K n y 1, m y 1, k y 1 . u
my 1 nymmy 1X Xny1 q2 2 /  /s u u y1 u u K n y 1, m y 1, k y 1 .  . u
my 1 nymmy 1 X nymjqmy3 q .  .2 2yu y1 u u .
= u2K n y 1, m y 1, j  . u
qu uX y 1 K n y 1, m y 1, j y 1 .  . u
q uny jq1 y 1 K n y 1, m y 1, j y 2 4 .  . u
m nymm X nymq .  .2 2s y1 u u .
= u jK n y 1, m y 1, j . u
q u jy1 uX y 1 y unymuX K n y 1, m y 1, j y 1 .  . . u
q uny1 y u jy2 uXK n y 1, m y 1, j y 2 .  . 4u
m nymm X nymq .  .2 2s y1 u u K n , m , j . .  . u
Thus we have completed the proof of the theorem.
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APPENDIX: TABLES
TABLE I
k )The Structure Constants p9j
k .  .p s 0, 0, 0, 0, 0, 0, 0, 0, 0, 1 ,90
k 8 6 2 4 5 6 7 .   ..p s 0, 0, 0, 0, 0, u , 0, 0, u f , f y1 y u q u q 2u q u q u ,91 3 2
k 12 8 10 8 6 2 .  p s 0, 0, 0, 0, u , f u f f , u f , u f f u f y1 y u q u q92 1 2 3 3 4 3 3
3 4 2 3 2 4 6.  . ..u q u , uf y1 q u q u y1 y u q 2u q u ,3
k 9 6 3 4 5 .  p s 0, 0, 0, 0, 0, u f , 0, 0, u y1 y u q u q u q u ,93 3
2 2 3 4 5 ..f u f f y1 q u q u q u q u ,1 2 3
k 15 12 2 2 10 2 .   . p s 0, 0, u f , 0, u f y1 q u q u ,u f y1 y 2u q u q94 2 2 3
3 4 10 2 3 8 3 6.  . 2u q u , u f f y1 q u q u , f u f f f , u f 1 q2 3 1 2 4 3 3
2 3 4 5 6 7 8 2. u y u y 4u y 3u q u q 3u q 2u q u , f u f f 1 y1 2 3
2 3 4 6 7 8 9 10..u y 3u y 3u q 4u q 5u q 4u q 2u q u ,
k 18 15 2 14 14 2 3 4 .   .p s 0, u , f u f , u f f , u y1 y 2u q u q 2u q u ,95 1 2 4 3
13 2 3 12 2 9 2 3 .  .u f y1 q u q u , f u f f , f u f f f y1 q u q u ,3 1 2 3 1 2 4 3
9 2 3 4 5 6 7 .f u f y2 y 2u y u q 2u q 4u q 4u q 2u q u ,1 2
5 2 3 4 6 7 8 9 ..f u f f 1 y 2u y 2u y 2u q 2u q 2u q u q u ,1 2 3
k 17 14 2 3 12 2 12 2 .   .p s 0, 0, u f , 0, u f y1 q u q u , f u f f , f u f f ,96 2 2 1 2 3 1 2 3
9 2 3 5 6 9 2 . u f f 1 y u y u q u q u , f u f y2 y 2u y u q2 4 1 2
3 4 5 6 7 5 2 3. 2u q 4u q 4u q 2u q u , f u f f 1 y 2u y 2u y1 2 3
4 6 7 8 9..2u q 2u q 2u q u q u ,
 k .  17 14 2 11  2 3. 11 2 3p s 0, 0, u , 0, f u f , f u f y1 q u q u , u 1 y u y u q97 1 2 1 3
5 6 2 9 2 8 2 4 5 6.  .u q u , f u f f f , f u f 1 y u y 2u q u q u q u ,1 2 4 3 1 3
6 2 3 4 5 6 7 8f u 2 q 3u q u y 3u y 5u y 3u q u q 3u q 3u q1
9 10..2u q u ,
k 19 16 2 2 3 4 14 .   . p s 0, u f f , u f y1 y u q u q u q u , u f f y1 y u q98 2 3 2 2 4
3 4 5 13 2 3 4 5 6. u q u q u , u f 1 q u y u y 4u y 3u q u q 3u q2
7 8 12 2 2 3 4 5. 2u q u , f u f y2 y 2u y u q 2u q 4u q 4u q1 2
6 7 12 2 2 3 4 5. 2u q u , f u f y2 y 2u y u q 2u q 4u q 4u q1 2
6 7 9 2 2 4 5 6.  .2u q u , f u f f f 1 y u y 2u q u q u q u ,1 2 4 3
9 2 3 4 5 6 7 8 9 .f u f f 3 y 4u y 4u y 3u q u q 4u q 3u q 2u q u ,1 2 3
5 2 3 4 5 2 3 4 5 .f u f y1 y u q u q u q u 1 y 2u y 2u y u q u q1 2
6 7 8 9..2u q 2u q u q u ,
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TABLE I}Continued
k 19 18 2 4 5 6 7 16 2 .   . p s u f f , u y1 y u q u q 2u q u q u , u y1 q u q99 4 5
3 2 4 6 15 2 3 4 5. .  .u y1 y u q 2u q u , f u f f y1 q u q u q u q u ,1 4 3
14 2 3 4 6 7 8 9 10 .f u 1 y u y 3u y 3u q 4u q 5u q 4u q 2u q u ,1
13 2 3 4 6 7 8 9 .f u f 1 y 2u y 2u y 2u q 2u q 2u q u q u ,1 3
13 2 3 4 6 7 8 9 .f u f 1 y 2u y 2u y 2 q 2u q 2u q u q u ,1 3
12 2 3 4 5 6 7 8f u f 2 q 3u q u y 3u y 5u y 3u q u q 3u q 3u q1 4
9 10 10 3 4 5 2.  .2u q u , f u y1 y u q u q u q u 1 y 2u y1
3 4 5 6 7 8 9 7 2. 2u y u q u q 2u q 2u q u q u , f u f 1 y u y 3u q1 3
3 4 5 6 7 8 9 10 12u q 3u q 3u q 3u y 2u y 5u y 3u y 2u q 2u q
13 14 15..2u q u q u
TABLE II
 .The character Table of H S, J of Type E rA = A6 4 1
4 6 7  .. c a s 1, uf f f , u f f f , u f f , uf f f f ,0 j 2 4 4 4 3 5 2 5 2 4 3 5
11 11 13 14 2 19 .u f f f , u f f f , u f , u f f f , u f f ,2 4 5 2 4 5 5 2 4 5 4 5
2 3 4 5 2 2  ..   . c a s 1, f y1 q 2u q 3u q 2u q u , u f f f y1 q u q1 j 4 2 4 3
3 3 2 3 4 5 6 7.  .u , u y1 y u y u q u q 2u q 2u q u q u ,
4 2 3 4 5 7 . u f f y1 y 2u y 2u q u q 3u q 2u , uf f y1 y4 3 2 4
2 4 5 7 2 4 5 9.  . u y u q u q u , uf f y1 y u y u q u q u , u y1 y2 4
2 4 5 10 2 4 5.  .u y u q u q u , u f f y2 y 3u y 2u q u q u ,2 4
14 2 .yu f f ,2 4
2 3 4 5 2 3  ..   .c a s 1, y1 y u y u q u q 2u q 2u , f uf f y1 q u q u ,2 j 1 2 3
2 2 3 2 2 3 4 . u 1 y u y 2u y 2u , u f y1 q 2u q 2u y u y 4u y3
5 6 6 3 6 3 5 2.  .  . u q u , u f 2 q u y u , u f 2 q u y u , u y1 q u q2 2
3 4 5 6 2 3 4 9 2.  . .u y u y u , u f y2 y u q u q 3u q u , yu f ,2 2
2 3 2 2  ..   . c a s 1, yf f , uf f 1 y u q u , u f , u f f f y1 q u y3 j 2 4 4 3 2 2 4 3
3 7 7 5 2 3 4 5 7 2 9.  . .u ,uf f , uf f , u 1 q u q u q u q u , yuf f , u f ,2 4 2 4 2 4 4
2 4 5 2 3 2 2  ..   . c a s 1, y1 y u y u q u q u , uf 1 y u y u , u 1 y u y4 j 3
3 2 2 3 4 5 2 3.  .  .u , u f y1 q u q 2u q u y u , u y1 q u q u ,3
5 2 3 5 3 5 2 3 4 .  .  .u y1 q u q u , u y1 y u q u , u 1 y 2u y 3u y u ,
8 .u f ,2
2 2 5 5 6  .. c a s 1, yf f , uf , u f , f u f f , yu f , yu f , yu ,5 j 2 4 3 2 1 2 3 2 2
5 2 7.u f , yu ,2
2 3  ..   . c a s 2, f y2 y u q 2u q 3u q 2u q u , uf 1 y 2u y6 j 4 4 5 3
2 3 4 5 6 2 2 3. 2u y u y u q u q u , f u f y1 q u q 2u q u q1 3
4 5 3 2 3 4 5 6 7.  .u q u , u f 2 q u y u y 3u y 2u y u q u q u ,3
6 3 6 3 7 2 .  . u f f 1 y u y u , u f f 1 y u y u , uf 1 q u y u q2 3 2 3 2
3 4 5 8 2 3 4 5 12.  . .u y u q u , u f 1 q 3u q u q u y u y u ,u f .2 3
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TABLE III
k .The Structure Constants p12 j
k .  .p s 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1 ,12 0
k 12 3 .  .p s 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, u , f f f f f ,12 1 1 2 4 6 8
k 19 12 2 2 2 .  .p s 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, u , f u f f , f uf f f f f ,12 2 1 4 5 1 2 4 6 8 5
k 17 12 2 3 2 .  .p s 0, 0, 0, 0, 0, 0, 0, 0, 0, u , 0, f u f , f u f f f f ,12 3 1 5 1 2 4 8 5
k 24 17 2 19 2 . p s 0, 0, 0, 0, 0, 0, 0, 0, u , f u f f f , f u f f ,12 4 1 2 4 6 1 2 3
12 2 3 5 6 .f u f f y1 q u y 2u q u q u q u ,1 2 5
2 3 3 3 4 . .f u f f f f y1 q u q u f ,1 2 4 6 8 5
k 28 24 21 2 20 2 .  p s 0, 0, 0, 0, 0, u , 0, 0, f u f f , f u f f f , f u f y1 q12 5 1 2 4 1 2 4 6 1 2
3 5 2 16 2 3 3 7 4 2.  . .u q u , f u f f 1 q u q u f , f uf f f f f ,1 2 4 5 1 2 4 6 8 5
k 28 24 21 2 20 2 .  p s 0, 0, 0, 0, 0, 0, u , 0, f u f f , f u f f f , f u f y1 q12 6 1 2 4 1 2 4 6 1 2
3 5 2 16 2 3 3 7 4 2.  . .u q u , f u f f 1 q u q u f , f uf f f f f ,1 2 4 5 1 2 4 6 8 5
k 25 24 2 20 2 20 . p s 0, 0, 0, 0, 0, 0, 0, u , f u , f u f f , f u f f ,12 7 1 1 2 4 1 2 3
2 15 3 4 8 2 4 6 8 .  ..f u y1 q u q u f , f u f f 1 q u y u y u q u ,1 5 1 8 5
k 33 28 2 28 2 25 3 . p s 0, 0, 0, 0, u , f u f f , f u f f , f u f f f ,12 8 1 2 4 1 2 4 1 2 4 6
24 2 2 3 4 2 21 3 2 .  .f u f f y2 q 2u y u q u q u , f u f 2 q u f f ,1 2 4 1 2 4 6
2 20 3  2 3 4 5 6. 16 f u f f y1 q u q 2u q u q u q u , f u f 2 q u q1 2 4 1 5
2 3 4 5 6 7 8 9 10u q u y 3u y 2u y 2u y 3u q u q u q u q
11 12 2 7 3 4 5 8 9.  ..2u q u , f uf f f f f 1 q u y 2u y u q u q u ,1 2 4 6 8 5
k 34 33 32 32 2 28 2 . p s 0, 0, 0, u , f u , f u f , f u f , f u f f ,12 9 1 1 2 1 2 1 2 4
2 28 28 4 5 2 24 3 .  . f u f 2 q u f , f u y2 q 2u q u , f u f y1 q1 2 4 1 1 2
3 5 2 22 4 5 6.  .u q u , f u f y1 y 2u q u q 2u q u ,1 5
3 14 2 4 5 ..f u f f f f y1 q u q u ,1 2 4 8 5
k 38 33 29 3 5 .   .p s 0, 0, u , 0, f u f f , f u f f y1 q u q u ,12 10 1 4 3 1 2 4
29 3 5 2 26 2 2 2 25 2 . f u f f y1 q u q u , f u f f f f , f u f f y1 q1 2 4 1 2 4 6 3 1 2 4
2 3 4 5 6 2 22 3 2 3 5.  .u q 2u q u q u q u , f u f f f y1 q u q u ,1 2 4 6
23 2 3 4 5 6 7 8f u 1 q 3u q 4u q u y u y 4u y 6u y 4u y u q1
9 10 11 12 13 14 2 17. u q 2u q 3u q 2u q u q u , f u f f 1 q u y1 4 5
4 5 6 9 10 11 12 13.u y 2u y 2u q u q 2u q u q u q u ,
3 9 2 2 3 4 5 7 8f u f f f f f 1 q u y u y u y u q u q u q1 2 4 6 8 5
9 10..u q u ,
k 41 38 2 34 2 33 2 3 .  p s 0, u , f u f , f u f f f , f u f y1 q u y 2u q u q12 11 1 2 1 2 4 6 1 2
5 6 2 32 2 2 3 2 32 2 2 3.  .  .u q u , f u f f 1 q u q u , f u f f 1 q u q u ,1 2 4 1 2 4
2 28 3 3 4 28 2 3 4 . f u f f f y1qu qu , f u 2ququ qu y3u y1 2 4 6 1
5 6 7 8 9 10 11 12 .2u y 2u y 3u q u q u q u q 2u q u ,
2 27 2 4 5 6 2 24 2 . f u f f f y1 y 2u q u q 2u q u , f u f 1 q u y1 2 4 6 1 2
4 5 6 9 10 11 12 13.u y 2u y 2u q u q 2u q u q u q u ,
2 22 2 5 2 3 4 5 7 9f u f f 1 q u y u q 2u y 3u y u y u q u q1
11 12 3 14 3 4 5 8 9.  ..u q u , f u f f f f f 1 y u y u q u q u ,1 2 4 6 8 5
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TABLE III}Continued
k 42 41 2 39 2 37 2 36 3 4 .   .p s u , f u , f u f , f u f f ,f u y1 q u q u ,12 12 1 1 2 1 2 4 1
3 35 2 3 35 2 33 2 4 6 8 .f u f f , f u f f , f u 1 q u y u y u q u ,1 2 4 1 2 4 1
2 31 4 5 8 9 3 31 4 5 .  .f u 1quy2u yu qu qu , f u f f y1qu qu ,1 1 2 4
3 28 3 4 5 7 8 9 10 .f u f 1 q u y u y u y u q u q u q u q u ,1 2
3 26 5 4 5 8 9 2 18 4 6 12 . f u f 1yu yu qu qu , f u f 1yu qu qu y1 1 5
14 16 18..u y u q u .
TABLE IV
 .The Character Table of H S, J of Type E rD = A7 5 1
3 4 2 8 9 3  .. c a s 1, uf f f f , u f f f f f , u f f f , u f f f f f ,0 j 2 4 6 8 2 4 6 8 5 2 8 5 2 4 6 8 5
14 2 14 2 17u f f f f f , u f f f f f , u f f ,2 4 6 8 5 2 4 6 8 5 8 5
18 3 25 23 2 30 3 42 .u f f f f f u f f f , u f f f f f , u f f f f , u ,2 4 6 8 5 2 8 5 2 4 6 8 5 2 4 6 8
2 2 3 5 2 2  ..   . c a s 1, f f f y1 q u q u q u q u , u f f f y1 q1 j 2 4 6 2 4 6
2 3 4 2 3 5 6 7.  .u q u f , u f f y1 q u y u q u q u y u q u ,5 2 5
5 2 2 4 5 9 2 2 .u f f f f y1 y u q u q 2u , f u f f f f ,2 4 6 5 1 2 4 6 5
9 2 2 12 2 13 2 3 5 .f u f f f f , f u f , u f f f f y2 y u q u q u ,1 2 4 6 5 1 5 2 4 6 5
17 2 4 5 6 7 .u f f y1 q u y u y u q u y u q u ,2 5
17 2 3 .u f f f y1 y u q u f ,2 4 6 5
22 2 2 3 4 5 33 . .u f f f y1 y u y u y u q u , yu ,2 4 6
2 3 5 7 2  ..   .c a s 1, f f y1 q u q u q u q u , yu f f f f ,2 j 2 6 2 6 4 5
3 2 3 4 5 6 7 8 .u f f 1 y 2u q 2u y 2u q 2u y u q u y u q u ,2 5
4 2 2 3 8 2 .yu f f y1 q u y u q 2u f , f u f f f f ,2 6 5 1 2 6 4 5
8 2 11 12 2 2 3 .yf u f f f f , yf u f , yu f f y2quyu qu f ,1 2 6 4 5 1 5 2 6 5
11 2 3 4 5 6 7 8 .u f f y1quyu qu y2u q2u y2u q2u yu ,2 5
16 16 2 2 4 6 7 27 . .u f f f f , u f f y1 y u y u y u q u , yu ,2 4 6 5 2 6
2 2 3 3 2 5 6 7 8  ..   .c a s 1, f f , uf f f f , u f , yu f f 1qu qu qu qu ,3 j 2 6 2 4 6 14 2 2 6
9 2 9 2 7 3 4 5 8 .u f f f , u f f f , uf 1 q u q u q u q u ,2 4 6 2 4 6 4
9 2  2 3 8. 20 11 2yu f f 1 q u q u q u q u , u f , u f f f f ,2 6 2 2 4 6 14
20 2 24.yu f f , u ,2 6
2 5 6 2 2 3  ..   .  .c a s 1, f y1yuqu q2u q2u , uf y1qu qu y1 q4 j 4 4
4 5 3 2 3 4 5 3.  . u q u , u 1 y u y 2u y 2u y 2u y 2u , u f y1 q4
2 3 5 6 7 8 10 11.u q 3u q 2u y 3u y 6u y 5u y 3u q 3u q 2u ,
8 2 3 4 8 . yf u f f 2 q 3u q 3u q 3u q 2u ,y f u f f 2 q1 2 4 1 2 4
2 3 4 7 3 4 5 8.  .3u q 3u q 3u q 2u , f uf 1 y u y u y u q u ,1 2
8 3 4 5 6 8 9u f y2 y 3u q 3u q 5u q 6u q 3u y 2u y 3u y4
10 11 16 2 3 4 5 11 2.  . u q u , u 2 q 2u q 2u q 2u q u y u , u f y1 y4
3 5 16 4 5 6 24. .  . .u q u 1 q u y u , u f y2 y 2u y u q u q u , yu ,4
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TABLE IV}Continued
3 5 6 7 8 2  ..  c a s 1, y1 y u y u q u q 2u q u q u , uf y1 q u q5 j 4
3 2 3 5 3 2 3 4 5. .  .u y1 y u y u q u , u 1 y u y 2u y u y u ,
3 2 3 4 5 6 7 8 9 11 .u y1qu q3u q4u q3u yu y4u y5u y3u qu ,
7 2 3 4 7 2 . uf f y1 q u q 2u q u y u , uf f y1 q u q 2u q2 4 2 4
3 4 7 3 6 7 2 3 4 5.  . u yu , uf y1qu yu , u 1y3u y5u y4u yu q2
6 7 8 9 11 13 2 3 5.  .3u q 4u q 3u q u y u , u y1 y u y 2u y u q u ,
10 3 2 3 5 . .u f y1 y u q u y1 q u q u q u ,4
13 2 3 5 7 8 21 . .u 1 q u q 2u q u y u y u y u , u ,
3 2 2 3 3 4  ..   .  .c a s 1, f f f f , uf f f 1 y u y u , u f 1 y u y u ,6 j 1 2 4 6 2 4 6 2
3 3 2 3 4 7 2 .u f f f y1 q 2u y u q 2u y u , f uf f f ,2 4 6 1 2 4 6
7 2 7 2 3 4 5 6 .f uf f f , f u 1 q 2u q 2u q 3u q 2u q 2u q u ,1 2 4 6 1
7 3 2 3 4 13 3 4 .  .uf f f 1 y 2u q u y 2u q u , u f 1 q u y u ,2 4 6 2
10 2 3 13 3 21 . .u f f f 1 q u y u , f u f f f , yu ,2 4 6 1 2 4 6
2 2 5 6 3 3 2  ..   . c a s 1, yf f , uf f 1 y u q u y u q u , u f , u f y1 q7 j 2 6 2 4 2 2
2 3 7 7 2 7 2 8 7 2 4. uyu qu yu , f uf f , f uf f , f u f , uf 1yu q1 2 4 1 2 4 1 3 2
5 6 7 15 9 4 5 6.  .u y u q u , yu f , u f f y1 q u y u q u y u ,2 2 4
15 2 19.u f f , yu ,2 6
2 2 5 3 3 2 3 4  ..   .  .c a s 1, yf f , uf f 1qu yu , u f , u f f y1qu qu ,8 j 2 6 2 6 2 2 6
7 2 7 2 8 7 2 4 14 .yuf f , yuf f , yu f , yuf f y1 y u q u , u f ,2 6 2 6 4 2 6 2
9 3 5 14 2 18 . .u f f y1 q u q u , yu f f , u ,2 6 2 6
  ..  2  3 4 5 7. c a s 2, f f y2 q u q 2u q u q 2u q u , uf f 1 y 2u y9 j 2 6 2 4
3 4 5 6 8 9 10 3 3. 2u yu y2u qu qu qu qu , u f 1y2uy2u y2
5 6 7 8 10 12 4 2 2 3. u q2u yu q2u qu qu , u f 2yuq3u y3u y2
5 6 7 8 9 10 11 12 8 2. 3u y u y 3u q 3u y u q 3u q u q u , u f f 1 y2 4
3 4 5 7 8 8 2 3 4 5. uyu yu yu yu qu , u f f 1yuyu yu yu y2 4
7 8 9 2 8 9 10 10 2.  . u q u , u 1 q u q 2u q 2u q u q u , u f 1 q u q2
2 3 4 5 6 7 9 10 11 12 .3u yu q3u y3u yu y3u y3u q3u yu q2u ,
12 2 4 5 6 7 9 11 12 .u f 1 q u q 2u y u q 2u y u y 2u y 2u q u ,2
14 2 4 5 6 7 9 10 .u f f 1 q u q u q u y 2u y u y 2u y 2u q u ,2 4
17 2 2 3 4 6 7 28 . .u f f 1 q 2u q u q 2u q u y 2u , 2u .2 6
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